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For any neighborhood interconnection pattern on a one-dimensional binary tessellation 
structure, Amoroso and Epstein (.L Comput. System Sci. 13 (1976), 136-142) have 
established the existence of indecomposable parallel maps, i.e., parallel maps that cannot be 
composed from a sequence of parallel maps with a simpler neighborhood interconnection 
pattern. In this paper it is shown that the same results can be extended to the higher dimen- 
sional q-ary tesselation structure using a concept of the (O,O)-property. 0 1984 Academic 
Press. Inc. 
1. INTRODUCTION 
Concerning the decomposition of the parallel maps, Amoroso and Epstein [ 1) (and 
Aggarwal [2]) have shown the following results in the set of one-dimensional 2-state 
tessellation structures. A parallel map can be defined on any given tessellation 
structure that cannot be programmed by a composition of parallel maps on any 
tessellation structure with a simpler neighborhood interconnection pattern. Further, 
Butler [3] has shown that, in the set of d-dimensional m-state structures, there exists 
a structure whose local map cannot have a decomposition (called a minimal decom- 
position) on any smaller neighborhood map by using a counting argument. On the 
other hand, in the case of a different definition of decomposition (more strict 
definition), Nasu [4] has shown that in the set of one-dimensional m-state structures, 
there exists a structure whose local map cannot have a decomposition on any smaller 
neighborhood map. However, in all cases a decomposable parallel map in d- 
dimensional m-state structures is not obtained constructively. 
In this paper, we shall extend Amoroso and Epstein’s results [l] to the d- 
dimensional m-state case, i.e., we shall give a decomposable oparallel map in d- 
dimensional m-state structures. We are concerned exclusively with the two- 
dimensional tesselation structure without loss of generality. 
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2. BASIC CONCEPTS 
Let Q = (0, l,..., q - I} be a finite set of states and 2’ = Z x Z, the set of all pairs 
of integers. Let Zi={jEZIj>i} for iEZ. Any map c:Z’+Q is called an array 
configuration. Let C(Q) = {c ) c: 2’ + Q} for Q. Let C,(Q) = {c E C(Q) 1 card{(i,j) E 
2’ 1 c(i,j) # 0) < co}. Each component of C,(Q) is called a finite configuration. 
Let X be an n-tuple of distinct pairs of integers (the neighborhood stencil). Let 
X = (x1 )...) xk) for k E Z,, we define N,: 2’ -+ (Z”)k by N,(x) = (x +x1 ,..., x + x,J 
for x E Z’. Each component of N,(x) is called a neighbor of coordinate x. Expecially 
in order to make our proof of Theorem 9 clear, we shall also consider stencils to be 
contiguous, i.e., of the form 
for m, n E Z,. 
(0, n - 1) )...) (m - 1, n - 1) 
x= i 
i (07 0) )...) (mA,O) 1 
Then we shall call X the normal form. From the neighborhood stencil X we define 
X - { (i,j)} as follows: 
(0, n - 1) ,..., (i, n - 1) ,..., (m - 1, n - 1)’ 
(i,j+1> * 
(0,j) ,***, i ,..., (m - LA 
(Li - 1) 
(07 0) )...) (i,‘O) ,..., (m - 1, 0) 
where the (i,j)-component is undefined. 
Letf: Q”“” -+ Q, the local map, denote the next state of x whose neighbors are 
N,(x) for all x E 2’. Let Y(Q, [m x n]) = {f: Q”“” -+ Q} for m, n E Z,, the set of 
all local maps on neighbor size m x n. A local map f gives rise to a parallel map F, 
which maps C(Q) into itself. That is F,: C(Q) + C(Q), where c’ = F,(c) is the 
mapping 
c(x) =f(c(x + Xl),..., c(x + x/J) for N,(x) = (x1 ,..., xJ. 
Let D be a subset of Z’. A map P: D + Q is called a pattern on D. Let 
D Ir,sl = {(u, u) E Z’ 10 < u < r, 0 Q u < s} for (I, s) E zf. tit ~cr,s&Q) = 
{P: Dlr,sl + Q}. A local mapfalso gives rise to a pattern mapf,,,,] for any (r, S) E Z: 
which maps %+m-I,s+n-l~ <Q> into ~L,,,~<Q>a Th t isp.&,sl: ~tr+m-l,s+n-~~(Q) -, 
9L,,,,(Q), P’ =fLr,sl(P) is the mapping P’(x) =f(P(x + x1)..., P(x + q)) for N,(x) = 
(x , ,a.., XJ. 
MAPS IN TESSELLATION STRUCTURES 
EXAMPLE. For m = n = 2, let define local mapsf,, f2 as follows: 
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( 0 0 
0 0 1 0 
( 0 0 1 
1 0 1 
( 0 0 1 
0 1 1 
i 0 0 1 0 
1 1 
( 1 0 
0 0 1 1 
( 1 0 
1 0 1 0 
( 1 0 
0 1 1 0 
( 1 0 
1 1 1 1 
( 0 1 0 1 
0 0 
) 0 
1 ( 0 1 
1 0 
1 1 0 
0 ( 0 1 1 0 1 
0 1 
( 0 1 1 1 1 0 
1 1 
1 ( 1 1 0 
0 
1 1 0 
( 1 1 0 1 0 1 
1 0 
( 1 1 1 
0 
1 
1 
1 0 
( 1 1 0 1 0 1 
1 1 
Then, for r = s = 3, following the relation on the pattern map,fII,,,I is valid. 
where 
/l 0 0 I\ 
t 0 1 o 1 0 1 o 1 I E %,4,W~ 111, 
1 0 1 0 
i 0 1 0 1 0 1  E -q3,3I({O, 11). 
0 0 0 
Let X and X’ be arbitrary stencils over 2’. X’ is said to be simpler than X and we 
write X’ < X, if each component of X’ is also a component of X and if there is some 
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component of X which is not a component of X’. A parallel map Fx is called X’- 
indecomposable if it is not equal to any composition of parallel maps each defined on 
the simpler neighborhood stencil X’. If X= Dlm,n, is a stencil and f: Q”“” + Q a 
local map, it may be that f is independent of some of its components in the following 
sense. A local map f is said to be independent of its (i,j)th component if for any 
a, b E Q, 
for any ~(0, 0) ,..., u(m - 1, 0) ,..., u(i - l,j), u(i + l,j) ,..., u(m - 1, II - 1) E Q. For 
example, local map f2 of the Example is independent of (1,0) th component. 
Clearly, for any pair X, f there exists a pair X’, f’ such that F, = F,,, where f’ is 
not independent of any of its components. X’ is a part of X, comprising just those 
components of X on which f depends. 
Remark 1. Conversely, for any pair X’, $ there exists a pair X, f such that 
Fx= Fx,, where f can be independent of some of its components and X is of size 
m x n for some m, n E Z, , i.e., we can consider any pair X’, $ as normal form X, f, 
where X’ is a part of X. 
A local map f is said to have the (0, 0)-property if for any b, d E Q, b # d, 
u(m - 1, n - 1) 
i 
u(m - 1,O) 
for any u(l,O) ,..., u(m - LO), ~(0, 1) ,..., ~(0, n - 1) ,..., u(m - 1, n - 1) E Q. For 
example, local map f, of the Example has the (0, 0)-property. 
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3. DECOMPOSABILITY OF PARALLEL MAPS 
In this section we shall show some results on the surjective parallel maps and the 
(0, 0)-property. In the following, we suppose that f(Omxn) = 0 for any local map 
fE sT(Q, [m, n]), where m, n E 2,. 
LEMMA 1. [5] Let Fx, and Fx, be any parallel maps for any stencils X, ,X2. Fx, 
and Fx, are bijective if and only ifFx, o Fx, is bijective. 
LEMMA 2. [5] F, is surjective on C(Q) if and only ifr’, is injective on C,(Q). 
PROPOSITION 3. Let Fx, and Fx, be any parallel maps for any stencils X, ,X2. 
Then Fx, o Fx, is surjective if and only if F,, and Fx, are subjective. 
Proof (Only if). Obvious. 
(If). Let F = Fx, o Fx2 be surjective. Then F(C(Q)) = Fx, 0 Fx2(C(Q)) = 
F,1(F,2(C(Q))~Fx,<C<Q>>. Assume that &, is not surjective, then F(C(Q)) E 
&,MQNWQ)+ Th is contradicts the surjectivity of F. Hence Fx, must be 
surjective. 
Assume that Fx, is not surjective. By Lemma 2, FX, is not injective on C,(Q). 
Therefore for some c,, c, E C,(Q), c, # c2, Fx2(c,) = Fx,(c2). Hence we have 
Fx, 0 G,(cJ = 5, o Fx,(c2). This implies that F is not injective on C,(Q). From 
Lemma 2 F is not surjective. This is the contradiction. Hence Fx, must also be 
surjective. 
The following result is a natural extension to two-dimensional case of Theorem 5.1 
in [6]. 
LEMMA 4. Let m, n E Z,, local map f E R(Q, [m, n]) and stencil X = Dlm,n,. 
Then F, is subjective if and only if each pattern map f,r,s,: 9~r+m_,,s+n_,l(Q) + 
L8,r,sl(Q) is subjective for any r, s E Z,. 
Proof. See Appendix. 
FIGURE 1 
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LEMMA 5. Let X = D,,,,,, fE Y(Q, [m, n]) and let f have the (0, O)-property. 
Then F, is a surjective parallel map. 
Proof. By Lemma4, it is sufficient to prove that frl, sl: .9t,.+m_-l,s+n_,J(Q)-+ 
9tr,sl(Q) is surjective for each r, s E 2,. Let B E qr,sl(Q) and let 
A,: {D [r+m-1,stn-I] - DIr,sI} + Q be an pattern (Shaded part of Fig. 1). Since f has 
the (0, 0)-property, there exists A(r - 1, s - 1) E Q such that 
A,(r- l,s+n-2), . ..) A,(r+m-2,s+n-2) 
f 
A l(r, s), . . . . A,(r+m-2,s) 
=B(r- l,s- 1). 
A(r-l,s-l), A,(r,s-1) ,..., A,(r+m-2,s-1) 
For the same reason, there exists A(r - 1, s - 2) E Q such that 
A,(r-l,s+n-3), . ..) A,(r+m-2,s+n-3) 
A(r-l,s-1), A,(r,s-1) ,..., A,(r+m-2,s-1) 
=B(r- l,s-2). 
A,(r, s - 2) ,..., A,(r t m - 2, s - 2) 
By continuation of this process, we can obtain the states A(r - 1, s - 3,..., 
A(r - 1, 0), A(r - 2, s - 1) ,..., A(r - 2, 0) ,..., A(0, s - 1) ,..., A(O, 0) E Q. Then 
r 
A,(O,s t n - 2), . ..) 
A,(O,s), . . . . A,@- Ls), A l(r, s), . . . . 
A(@- I), . . . . A(r - 1, s - l), A,(r, s - 1) ,..., 
fM 
A(01 0), . . . . A(r -‘1,0), ’ A l(r, 01, . . . . 
A,(r + m - 2, s t n - 2) 
A,(rtm-2,s) 
A,(rfm-2,s-1) 
C 
It follows that Fx is surjective. 
A,(rtm-ZO) _ 
= B. 
PROPOSITION 6. Let f, E r(Q, [ m,,n,l) and f2 Er(Q, [m2, 4) for m,, n,, 
m2, n2 E Z,. Thenf, OfiImZ,n21 has the (0, 0)-property ifand only isf, andf, have the 
(0, O)-property. (The map f2 0f,ImZ,n2, will also be denoted by f, 0 f, .) 
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Proof. Let each neighborhood stencil off, andf, be X, and X, of the form: 
i 
(0, n, - 1) - )...) (m, 1, n, - 1) 
X, = : (Ol 0) - )...) (m, 1, 0) 1 
i 
(0, n* - 1) (vi, - )...) 1, n* - 1) 
x, = (OiO) )...) (m, i 1, 0) i 
(Only if). To end our proof, from the definition of the (0, 0)-property it is 
sufficient to show that f2 ofi #.f2 ofi for any P, , P, E scrn, +mz -Z,n, + +21(Q) 
such that P,(O, 0) # P,(O, 0) and PI(x) = P&x) for x E {NXI(X,) - {(0, 0)}}, i.e., 
pattern P, equals to pattern P, without (0,O) and P,(O, 0) # P,(O, 0). Since& has the 
(0, O)-property, fiIm2,n21 (Pi) equals to a patternfiIm2,n21 (PJ without (0,O). Since fi has 
the (0, 0)-property, it holds that fi ofi #f2 0 f,(P2). Hence f, 0 f, has the (O,O)- 
property. 
(If). Assume that f2 ofi has the (O,O)-property. First we show that fi has the 
(0, 0)-property. Assume that f, has not the (0, 0)-property. Then there exist patterns 
R, and R, such that f,(R,) =fi(Rz) for R,,R, E 9Lm,,n,l(Q), where 
R,(O, 0) # R,(O, 0) and R,(x) = R2(x) for x E {Dtm,,nll - {(O,O)}}, i.e., patterns R, 
and R, for local map f, do not satisfy the condition of the (0, 0)property. 
Now we consider the following patterns S, and S,, S,,S, E 
9 Im,+mz-l,nl+nz-ll(Q), S, /&, ,,n,l=R1y S2I%,,n,l =L and Sd4=&(.4 for 
xE w*z(x*~ -~,m,,n,J i.e., pattern S, including R, as subpattern equals pattern S, 
including R, as subpattern without (0,O) and S,(O, 0) # S,(O, 0). 
From the definition of R, and R,, it holds that f2 ofi =f2 ofi( This 
contradicts that f2 0 f, has the (0, 0)-property. Hence f, has the (0, 0)-property. 
Next assume that f, has the (0, 0)-property and fi has not the (0, 0)-property. Then 
there exist patterns CT, and U, such that f,(U,) =f2(U2) for U,, U, E 53’,,,,,,,,(Q), 
where U,(O, 0) # U,(O, 0) and U,(x) = U,(x) for x E X, - ((0, 0)}, i.e., patterns U, 
and U, for a local map f2 do not satisfy the condition of the (0, 0)-property. Since f, 
has the (0, 0)-property, there exist patterns V, and Vz such that f,,m2,n2,(V,) = U, and 
f lLm2,n21(~2) = U, for VI7 v, E ~~ml+m2-2.n,+n2-21(Q), where ~,P,O)f v2PyO) and 
VI@>= V*(x) f or xE WxIWJ - {CO, 0111. Hence .A ~f,(~,)=fdUJ =_MUJ = 
fi of,(V,). This contradicts that f, 0 f, has the (0, 0)-property. (See Fig. 2) 
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pattern 
nl+"*-2 Cl nlfn2-2 1_1 
m1+m2-2 m1+m2-2 
i 
f 1bn2,n21 
FIGURE 2 
4. INDECOMPOSABLE PARALLEL MAP 
Let X = DLm,n, and X’ = Dim,“, - { (i,j)}. We can assume that X’ has all but one of 
the components of X and that it is in normal form. Let the missing component be 
(i,j) and let fE F(Q, [m, n]) be defined as 
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40, n - l), 
i : 
. ..) a(m - 1, It - 1) 
f a(OT 1), a(1 1) : 
=q-1 
3 ,***, 
0, a( 1, o,..., a(m - 1,O) i 
for a(i,j) = 0 and ~(1, 0) ,..., u(m - 1, 0) ~(0, l), ~(1, 1) ,... , @, n - l),..., 
a(m - 1, n - 1) E Q; 
40, n - I>, 
f 
! : 
. ..) b(m - 1, n - 1) 
b(01 l), b(1, 1) )...) t 
P3 41, O),..., b(m - 1,O) i 
=p-1 
for 1 <p < q - 1 and any b(1, 0) ,..., b(m - l,O), b(0, l), b(l, 1) ,..., b(O, n - I),..., 
b(m- 1, n- 1)EQ. 
Further, if u(i,j) = ~(0, 0) = 0, and if exactly one of ~(1, 0) ,..., a(m - 1,O) ,..., 
a(O,j),*.., u(i - l,j), u(i + l,j),..., u(m - 1,j) ,..., u(0, n - 1) ,..., U(m - 1, n - 1) 
equals 1, then 
f 
i(0, n - l), . . . . u(i, n - 1) ,..., u(m - 1, n - 
a&), *.., d, . ..) u(m 1 1,j) 
= 1. 
a(Of l), u(1, 1) )..., i 
i 
0, ~(1, 0) ,..., u(i, 0), . . . . u(m - 1, 0) 1) I 
Then f is not independent of any of its components. Local map f on all other states 
can be defined arbitrarily. 
Suppose now, that there exist local maps f, ,...,fk such that Fx = F,,,, 0 ..a 0 Fl,x,, 
where Fj,x, is a parallel map for fj, jE {l,..., k}. (i.e., we assume that Fx is X’- 
decomposable.) 
LEMMA 7. Let 9’ ,,,,+,(Q) = {B 1 B: X’ t Q}, the set of all patterns on stencil X’, 
where X’ =X - {(i,j)}. Then f,(B,) #f,(BJ for any B,, B, E 9;m,,I[Q] such that 
B,(O, 0) # B,(O, 0) and B,(x) = B*(x) for x E (X’ - { (0, 0)}), i.e., f, has the (O,O)- 
property in the extended sense. 
Proof. Suppose f,(B,) =fi(B2) for some B,, B, E .JS’;~,.~(Q) such that B,(O, 0) # 
B,(O, 0) and B,(x) = B,(x) for x E (X’ - {(0, 0))). Let c,, c2 E C(Q) such that 
cl(x)= B,(x) and c*(x)= B*(x) for xEX’ and cl&j)= c,(i,j)= 1 and c,(x) = 
c2(x) = 0 for x E (2’ - Dlm,nl). H ence c, and c2 differ only in one coordinate (0,O). 
If cl and c; are the respective final configurations that arise from c, and c2 by 
51 l/29/2-4 
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applying F,, then from the definition of f, c;(O, 0) # c;(O, 0). Based on our 
assumption that Fx is X’-decomposable, in our normal form X’, the symbols in 
c;(O, 0) and c;(O, 0) could not have depended in any way on the contents of any coor- 
dinate (r, s), r < 0 or s < 0, at any step during the application of the maps of the 
composition. Since F‘l,x,(c,) and F,,,,(c,) agree for all coordinates (r, s) such that 
I > 0 and s > 0, by virtue of the supposition that f,(B,) =f,(B2), the compositions 
could not have given c’,(O, 0) # c;(O, 0). Hence the proof of Lemma 7 is completed. 
Remark 2. By Remark l,fi has the (0, 0)property in the extended sense. 
Next we show that of f2,...,fk has also the same property. 
LEMMA 8. For any integer i, 1 Q i < k,f,(B,) #A(B* any B,, B, E 59[,,&Q) 
such that B,(O, 0) # B,(O, 0) and B,(x) = B*(x) for x E (X’ - { (0, O)}). 
Prooj In the following proof, see Fig. 3. Letft be the first local map in the given 
sequence f, ,fi ,..., fk such that f,(B,) =ft(Bz) for some B,, B, E 3$,JQ), where 
B,(O, 0) + B,(O, 0) and B,(x) = B,(x) for x E (X’ - ((0, 0)}), i.e., it has not the 
(0, 0)-property. Let P,, Q, E 3im.nl(Q) such that P,(x) = B,(x), Q,(x) = B,(x) for 
x E X’, and P,(i,j) = Q,(i,j) = e, E Q. S ince f,_, has the (0, 0)-property, there 
exist patterns P,_ 1, Qt-, =%m-1,2n-,,<Q> such that fi-m,n,P-J=Pc 
Lh"l (Q,_,)= Q,, where p,_,(iJ)= Q,-,<4~>=e,-, E Q, P,-,(O,O)+ Q,-,<o,o> 
andP,-,(x)=Q,-,(x)forxE (Dc2m-1.2n-ll- WAW). 
Since f,_, has the (0, 0)-property, g(e,_i) =f,_l(P,_, 0 N,(i,j)) = e,, defines a 
permutation of Q, where P,_ 1 0 N,(i,j) is subpattern of P,_, on stencil N,(i,j). 
A simple induction beginning with f,_, will give the patterns P,, 
QI E ~~rn+(rn-,)(t--l),n+(n--l)(l--l)l (Q) such that P,(i,j) = Q,(i,j)= e,, P,(O, 0)# 
Q,P,o>, and Pi(x)= Q,@> f or XE (D~m+(m-1)(1-l).n+(n-1)(1-1)1 - { (0,O)). Since 
local maps f, ,...,fi_l h ave the (O,O)-property, we can select a state e, such that 
e, = 1. Let us consider the following configurations E, , E2 such that El(x) = P,(x), 
C;(x) = Q,(x) for x E D [m+(m-1~(f-l),n+~n-1,01 and E,(i,j) = ?z(i,j) = 1 and 
~?i(x) = E,(x) for x E (Z’ - D [m+(m-l)(t-l),nt(n-l)(t-l)l ). That is, E, and C; 
transformed by F,_l,,, 0 ... 0 F,,,, will result in configurations C; and E.,. But then 
F , would bring E3 and F4 into the configurations that agreed on all coordinates 
(r!i:), r > 0 and s > 0. Similar to the way that we used the proof of Lemma 7 the 
composition Fk,x, o ..a o F,,,, could not equal Fx. The proof of Lemma 8 is com- 
pleted. 
Hence fk o -. - 0 f, has the (0, 0)-property by Proposition 6. On the other hand, f 
has not the (0, 0)-property. Therefore the following result holds. 
THEOREM 9. Let X be an arbitrary stencil in normal form for a two-dimensional 
q-ury tesselation structure. For any X’ such that X’ ( X, there exist a local map f 
such that F,: C(Q) + C(Q) is X’-indecomposable. 
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n+(n-l)(t-l) 
__ _ 
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(i.i) 
\ , 
m+(m-l)(t-1) 
First, we define the same metric d on C(Q) as a one-dimensional case. [6] Let 
n 11 5 (i.i) 
m 
Pt 
m-l 
n+(n-11 (t-1) 
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FIGURE 3 
APPENDIX 
c,, c, E C(Q). If c1 = c,, then d(c,, c2) = 0. If c, # c,, let be the least nonnegative 
integer such that c, 1 D, for k E Z,, where D,={(r,s)EZ*1(rI<k, lsl<k} and 
c 1 D means a restriction to domain D of c, and define d(c, , c2) = (1 + k)- 1. Then d is 
a metric of C(Q) and C(Q) is a compact, totally disconnected, perfect, metric space. 
Hence similar to the way that Hedlund [6] used the proof of Theorem 5.1 we can 
prove Lemma 4. 
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Proof of Lemma 4 (If). Let r, s E Z, and B E 9,r,sl(Q). Let c E C(Q) be defined 
by 
c(x) = B(x) for x E DIr,sl, 
=o for x E Zz - D,r,sl. 
There exists ci & C(Q) such that I;,(c,) = c. Let A =cl / Dlr+m_l,s+n_ll. Then 
f[,,,](A) = B, hence ftr,sl is surjective. 
(Only if). Let c E C(Q) and let k E Z,. Let h = 2k + 1 and Di;,$-k) = 
((r, s) 1 ) r-1 < k, Js / < k}, .JS~,~,;-~)(Q) = {B ) B: D{;,ijMk’ -+ Q}. Then c ) Di;,khlk) = B 
and there exists a pattern A E 9ih;k;!i,h+n_ ,,(Q) such that &,&A) = B. Define 
c,E C(Q) by 
c,(x>=A(x) for x E D’-k+) [htm I,htn-ll~ 
= 0 for x E 2’ - D{h;k;_k~,htn_,,, 
and let FX(c,) = c2. Then d(c, c2) < (l/l + k). Since k is arbitrary in Z,, it follows 
that the set F,(C(Q)) is d ense in C(Q). But since F, is continuous and C(Q) is 
compact and hence closed, and F,(C(Q)) = F*(C(Q)) = C(Q). 
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